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Materials Under Uni-Axial or
Bi-Axial Loadings
This paper deals with the M-integral analysis for a nano-inclusion in plane elastic
materials under uni-axial or bi-axial loadings. Based on previous works (Gurtin and
Murdoch, 1975, “A Continuum Theory of Elastic Material Surfaces,” Arch. Ration.
Mech. Anal., 57, pp. 291–323; Mogilevskaya, et al., 2008, “Multiple Interacting Circular
Nano-Inhomogeneities With Surface/Interface Effects,” J. Mech. Phys. Solids, 56, pp.
2298–2327), the surface effect induced from the surface tension and the surface Lamé
constants is taken into account, and an analytical solution is obtained. Four kinds of
inclusions including soft inclusion, hard inclusion, void, and rigid inclusions are consid-
ered. The variable tendencies of the M-integral for each of four nano-inclusions against
the loading or against the inclusion radius are plotted and discussed in detail. It is found
that in nanoscale the surface parameters for the hard inclusion or rigid inclusion have a
little or little influence on the M-integral, and the values of the M-integral are always
negative as they would be in macroscale, whereas the surface parameters for the soft
inclusion or void yield significant influence on the M-integral and the values of the
M-integral could be either positive or negative depending on the loading levels and the
surface parameters. Of great interest is that there is a neutral loading point for the soft
inclusion or void, at which the M-integral transforms from a negative value to a positive
value, and that the bi-axial loading yields similar variable tendencies of the M-integral
as those under the uni-axial tension loading. Moreover, the bi-axial tension loading
increases the neutral loading point, whereas the bi-axial tension-compression loading
decreases it. Particularly, the magnitude of the negative M-integral representing the
energy absorbing of the soft inclusion or void increases very sharply as the radius of the
soft inclusion or void decreases from 5 nm to 1 nm. �DOI: 10.1115/1.3176997�

Keywords: M-integral, nano-inclusion, Gurtin and Murdoch model, surface tension, sur-
face Lamé constants
Introduction
The microelectomechanical system �MEMS� and advanced ma-

erials in the nanometer scale become increasingly popular owing
o their widely potential applications in constructing new micro-
nstruments and highly effective memory materials. Common ex-
mples are nanowires, nanotubes, nanoplates, etc., which motivate

new interest in nanomechanics. A detailed review has been
iven by Ortiz �1�. In addition, materials with nano-inclusions/
ubes as reinforcing elements represent disparate mechanical,
lectronic, and optical properties due to influence conducted by
he nanoscale surface/interface. Accordingly, it is hard-pressed to
tudy material properties in nanoscale for the further development
f nanotechnology �2,3�.

Size dependency of effective properties and elastic field of
anoscale elements can be explained by accounting for the effect
f surface stresses that are associated with the excess free energy
f a surface. In classical mechanics in macroscale, the bulk elastic
nergy controls the behavior of a material element, whereas for
anosized structure the influence of surface effect becomes sig-
ificant due to the comparatively high surface/volume ratio of
anosized inclusion/void. Furthermore, tests on some elementary
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deformation modes such as uni-axial stretching plates, bending of
beams, and torsion of bars manifest that the surface elasticity
agree well with directly atomic simulations �4,5�. Accordingly, it
is rational to employ the elastic continuum theory to account for
the influence of the surface/interface effect in nanoscale.

On the one hand, the roots of surface energy lie in the thermo-
dynamics of solid surfaces as formulated by Gibbs �6�. Using this
formulation, Nix and Gao �7� proposed an atomistic interpretation
of interface stress, in which an explicit relationship between
surface/interface stress and strain was given in the Eulerian coor-
dinate system. Besides, Gurtin and Murdoch �8� and Gurtin et al.
�9� presented a continuum mechanics theory to account for the
surface energy or interface energy. In the recent years, much at-
tention is focused on the investigations of material properties in
nanoscale by using the elastic continuum theory. The influence of
surface effect on the solution of an isolated spherical or cylindri-
cal inclusion embedded in an infinite or semifinite matrix was
investigated by Sharma and co-workers �10–13�, Duan and co-
workers �14,15�, Lim et al. �16�, Tian and Rajapakse �17�, and
Mogilevsaya et al. �18�, among many others. Besides, some ma-
terial properties are also considered such as the surface effects on
the diffraction of plane compressional waves by a nanosized cir-
cular hole �17�, the effective moduli of solids with nano-
inclusions �19,20�, the nanovoid deformation in aluminum under
simple shear �21�, and the conservational integrals with consider-
ation of surface effect influence �22�. Now, there are a number of

publications concerned with the stress analyses of nano-inclusions
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r the effective properties and elastic field of nanofiber reinforced
omposites �see, e.g., Refs. �23–35�, among many others�.

On the other hand, the well-known conservation integrals de-
ived from Noether’s theorem in plane elasticity including the
k-integral vector, M-integral, and L-integral �36–41� were estab-
ished in classical fracture mechanics. With the presence of a de-
ect, evaluations of the above tour integrals along a counterclock-
ise contour enclosing the defect result in the so-called driving

orces in moving, expansion, and rotation of the defect, respec-
ively. Thus, the J-integral, as the first component of the Jk-vector,
as much less significance than the M-integral and the L-integral
hen the closed contour surrounds the defect completely �40�.
lthough the applications of the M-integral and L-integral are not

s common as the J-integral, they did have some physical signifi-
ance when the integration contour surrounds a single defect or
acrodefects completely �41–45�. This implies their application

n fracture mechanics for multidefects in materials and structures,
rovided that the integration contour is suitably chosen, i.e., it
urrounds all defects completely. For example, the M-integral was
sed to describe the energy release due to a cloud of the macro-
efects in the work of Chen �44,45� where the M-integral has been
roved to be an effective parameter in describing the configuration
hange in the many defects. Besides, the M-integral applied in the
anovoided material was investigated by Li and Chen �46�. None-
heless, their work was only limited in the case of a nanovoid
nder uni-axial tensile loadings. Moreover, they have not found
he negative values of the M-integral representing the energy ab-
orbing due to the nanovoid expansion. It seems that the

-integral analyses for different kinds of nano-inclusion, e.g., soft
r hard inclusion. etc., under bi-axial tension loading or under
i-axial tension-compression loading are worthy of further study-
ng, from which the physical features of the M-integral in nano-
cale could be clarified in more details.

The goal of this paper is to provide the lack of the understand-
ng of the role played by the M-integral in different kinds of
ano-inclusions under three kinds of loadings: the uni-axial ten-
ion loading, the bi-axial tension loading, and the bi-axial tension-
ompression loading. This paper is organized as follows. In Sec.
, the basic formulations are presented and an analytical solution
f the deformation field for an infinite elastic plane containing a
ano-inclusion as influenced by the surface effect is obtained. In
ec. 3, the analytical expressions and some basic properties of the
-integral and the Jk-integral vector are presented in nanoscale.
umerical results are shown in figures, and the variable tenden-

ies of the M integral against the loading levels or against the
nclusion radius are discussed in Sec. 4. In Sec. 5, some conclu-
ions and remarks are summarized.

Elastic Field of a Circular Inclusion
The size dependency of surface effect that is related to the

xcess free energy of a surface could be explained by accounting
or the surface stress tensors. The conditions imposed at the ma-
erial surface yield the surface tension and surface elasticity,
hich are substantially used to solve the problems involving a
ano-inclusion as shown in Fig. 1. Accordingly, the presence of
urface/interface stress should be accounted for in the present
ork. Applying the model of Gurtin and Murdoch �8� who gave

quations that describe the conditions at the surface with consid-
ration of the surface energy effect yields the following equations:

uint = umat = u �continuity of the displacements� �1�

��int − �mat�n = div�S �equilibrium of the interface� �2�

S = �0�l + ��0 + �0��tr �sur�Il + 2��0 − �0��sur

+ �0��u �surface constitutive equations� �3�
here the superscripts “int” and “mat” denote the nano-inclusion
nd the matrix, respectively; n represents a unit normal vector to

21019-2 / Vol. 77, MARCH 2010

aded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME
the surface that points away from the inclusion; � is the stress
tensor of the bulk material; S is the �first� Piola–Kirchhoff surface
stress tensor; div� is the surface divergence in its original configu-
ration � �before the deformation caused by the external loading�;
�0 is the surface tension; �0 and �0 are the surface Lamé con-
stants; Il stands for the unit tangent tensor; and tr �sur is the trace
of the surface strain tensor �sur; and �� is the surface gradient of
the displacement field.

Using the foregoing Eqs. �1�–�3�, Mogilevskaya et al. �18� ob-
tained the governing functions for the deformation field for the
two-dimensional isotopic elastic problem containing multi-
interacting nano-inhomogeneities. According to their work, the
generic equations for the plane strain state become the following:

ukx
int = ukx

mat = ukx, uky
int = uky

mat

= uky �continuity of the displacements� �4�

�kl
int − �kl

mat =
��k

sur

�s
+

�k0�k
sur

Rk
, �Equilibrium of the interface�

�5�

�kn
int − �kn

mat = −
1

Rk
�k

sur +
�k0 � �k

sur

�s
, �6�

�k
sur = �k0 + �2�k0 + �k0��k

sur . �Surface constitutive equations�
�7�

where ukx and uky are the components of the displacement vector
uk on the boundary Lk�k=1,2 , . . . ,N�; s is the arc length of a
boundary; �kl, �kn, and �k

sur for the kth sub-boundary; Lk are the
normal traction, the shear traction, and the surface stress compo-
nent; �k

sur is the one-dimensional strain component. Particularly,
the local coordinate system for the foregoing generic equations is
chosen in such a way that the normal n points away from the
inclusion and the tangent direction l is traveling leaving the inclu-
sion on the left �see Fig. 1�.

In the present work, attention will be focused on the M-integral
analysis and the investigation will be limited to the case of a
circular inclusion characterized by its radius R as shown in Fig. 1,
where the tractions on the matrix and the stress functions in the
matrix read as follows �18�:

�mat��� = B−21
matg2��� + B01

mat + B21
matg−2��� �8�

Fig. 1 Local-global coordinate systems for the two-
dimensional problem with a circular nano-inclusion under bi-
axial loadings
and
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� =
2

	 + 1
�− ��1 − � + 
1

�1��A−11g�z� + 3
1
�2�Ā31g�z�� + ���z�

�9�

��z� =
1

	 + 1
�4���1

	 − 1

	1 − 1
− � + �	 − 1�
1�Re A11

+
	 − 1

4
�0	g�z� + 2�� z̄

R
+ g�z���� − �1 − 
1

�1��

− 	
1
�2�g�z�	A−11g

2�z� + 2�3
1
�2�� z̄

R
+ g�z�� + g�z���1

	

	1

− � + 3	
1
�1��	Ā31g

2�z�
 + ���z�

ith

���z� =
��xx

� + �yy
� �

4
z

�10�

���z� =
��yy

� − �xx
� + 2i�xy

� �
2

z

here z=x+ iy is the complex coordinate of a point �x ,y� in the
atrix, �xx

� , �yy
� , and �xy

� are external stresses at infinity, z0 refers
o the center point of the circular inclusion, and � is a point on the
nterface, 	=3–4
 for plane strain problem, where 
 is Poisson’s
atio of the matrix material, and 	1=3–4
1 refers to the inclusion.

In Eq. �8�, �mat��� is a complex function, which could be ex-
ressed by �mat���=�n

mat���+ i�l
mat��� in the local coordinate sys-

em as defined in Fig. 1. Besides, the function g�z� and the coef-
cients B read the following formulations:

g�z� =
R

z − z0
�11�

nd

B01
mat =

�

2R�1
�0 +

	 + 1

4

�1 + 
1�	1 − 1�
�1�	1 − 1�

��xx
� + �yy

� �

B−21
mat = −

	 + 1

2

��1 + 
1
�1����	1 + �1� + 3�1	1
1

�1� + 3	1
1�0/R
�2

���yy
� − �xx

� − 2i�xy
� � �12�

B21
mat = 3

	 + 1

2

�	1
1
�2�

�2
��yy

� − �xx
� + 2i�xy

� �

n which

�1 =
�1

	1 − 1
+

�

2
+ 
1

�13�

�2 = �	�1 + ����	1 + �1� + 
1
�1��3	1�	�1 + �� + 	��	1 + �1��

+ 3		1
1
�0

R
,

nd


1 = �2�0 + �0�/�4R�, 
1
�1� = 
1 + 0.25�0/R ,

�14�

�2� = 
1 − 0.25�0/R
1

ournal of Applied Mechanics
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In Eq. �9�, the complex coefficients A is given as follows

Re A11 = −
1

4�1
�0 +

	 + 1

4

1

4�1
R��xx

� + �yy
� �

A−11 = −
	 + 1

4

�	1 + �1 + 3	1
1
�1�

�2
R��yy

� − �xx
� − 2i�xy

� � �15�

A31 = −
	 + 1

4

	1
1
�2�

�2
R��yy

� − �xx
� + 2i�xy

� �

Particularly, it should be emphasized that the present manipu-
lation is derived directly from the model of Gurtin and Murdoch
�8� accounting for the surface tension and surface Lamé constants
without any simplification �18�. Thus, the foregoing stress func-
tions could be used to represent the complete relation between the
M-integral and the surface effect for different kinds of inclusions
in nanoscale.

3 Basic Formulas and Properties of the M-Integral
and Jk-Integral in Nanoscale

The M-integral and the Jk-integral vector in macro-elasticity are
formulated as follows �36–41�:

M =�
C

�wxiei − Tkuk,ixi�ds �16�

Jk =�
C

�wek − ui,kTi�ds �k = 1,2� �17�

where C is a counterclockwise contour, which enclosed the whole
nanosized inclusion as shown in Fig. 1; w=sij�ij /2 denotes the
strain energy density; and Tk is the traction acting on the outside
of a closed contour C, xj with j=1,2 represents a rectangular
plane coordinate system, ei refers to the outside normal compo-
nent of the contour C and s is the arc length of the contour C.

It is noticed from Fig. 1 that the only difference in performing
the M-integral analysis for a nano-inclusion from those for a
macro/micro-inclusion is the role played by the surface/interface
effect. It is well-known in classical defect mechanics that the sur-
face of a macro/micro-void is traction-free, whereas the surface
energy effect for a nanovoid should be accounted for, although the
path-independent feature of the invariant integrals remains un-
changed. For convenience, it is useful to translate the expressions
of such invariant integrals to the polar coordinate system �� ,�� as
shown in Fig. 1, which are given below.

J1 =�
C

�w cos � − ���� cos � −
sin �

�

�u�

��
�T� − � �u�

��
cos �

−
sin �

�

�u�

��
�T�
ds �18�

J2 =�
C

�w sin � − ���� sin � +
cos �

�

�u�

��
�T� − � �u�

��
sin �

+
cos �

�

�u�

��
�T�
ds �19�

M =�
C

�w − T���� − T��2��� +
u�

�
−

1

�

�u�

��
�	�ds �20�

On the one hand, according to the intrinsic path-independence
of the invariant integrals, a special circular contour in Eqs.
�18�–�20� is adopted as the closed integral path �see the contour C

in Fig. 1�, along which the following expressions are given:
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T� = ���, T� = ���, ds = �d� �21�

hich bring some significant convenience in the forthcoming cal-
ulations.

On the other hand, the independence of the M-integral from the
oordinate system shift or rotation should also be clarified in
anoscale when taking the surface effect into account. When the
oordinate axes �x1 ,x2� are rotated by an angle ��, a new coordi-
ate system �x1

� ,x2
�� is proposed. Since the M-integral is an inner

roduct of the Jk-integral vector and the vector xk= �x1 ,x2�, as
efined in Eq. �16�, it is scalar and then the invariant feature after
he rotation yields

M��x1
�,x2

�� = M�x1,x2� �22�

here the integrals M��x1
� ,x2

�� and M�x1 ,x2� are defined in the
ystem �x1

� ,x2
�� and �x1 ,x2�, respectively.

In addition, whether the M-integral varies when the rectangular
oordinate system �x1 ,x2� shifts to another one �x01,x02� should be
larified by the following relations:

x1 = x01 − �1

�23�
x2 = x02 − �2

here ��1 ,�2� denote the shifts of the new rectangular coordinate
ystem �x01,x02� from the original system �x1 ,x2�.

The value of the M-integral in the new system �x01,x02� de-
oted by M� could be given by substituting Eq. �23� into Eq. �16�.
hus, it follows that

M��x01,x02� =�
C

�wx0iei − Tkuk,ix0i�ds = M�x1,x2� + �1J1�x1,x2�

+ �2J2�x1,x2� �24�
Obviously, the first term on the right hand side of Eq. �24� is

ust the same as the M-integral in the original system �x1 ,x2�,
hereas the second and the third terms on the right hand side of
q. �24� involve the two components of the Jk-integrals. Fortu-
ately, these two components do vanish in the present case as they
ould do in macro-/microscale �44�. This is because the stresses

nduced from the surface effect have a 1 /r2 asymptote feature as
→� �44,45�. Thus, the M-integral could be either independent
rom the coordinate shifts or from the coordinate rotation in the
resent problem with a nanoscale inclusion.

Actually, the displacements and stresses for the present problem
hown in Fig. 1 can be evaluated by using the complex potentials
s follows:

�xx + �yy = 4 Re ���z�

�yy − �xx + 2i�xy = 2�z̄���z� + ���z�� �25�

2��ux�z� + iuy�z�� = 	��z� − z���z� − ��z�
By substituting Eq. �9� into Eq. �25�, the complete stress and

isplacement field could be obtained without any difficulty. After
sing Eqs. �18�–�20� and making some lengthy and straightfor-
ard manipulations, the explicit formulations of the three invari-

nt integrals have the following forms:

J1 = 0
�26�

J2 = 0

M =
�R�1 + 	��2 Co 1��xx

� − �yy
� � − Co 2��xx

� + �yy
� ��

4�
�27�
here
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Co 1 =
2

	 + 1
�− ��1 − � + 
1

�1��A−11 + 3
1
�2�A31�

�28�

Co 2 =
1

	 + 1
�4���1

	 − 1

	1 − 1
− � + �	 − 1�
1�A11 +

	 − 1

4
�0	


with 
1= �2�0+�0� / �4R� , 
1
�1�=
1+0.25�0 /R , 
1

�2�=
1
−0.25�0 /R defined in Eq. �14�.

In the manipulation of Eq. �27�, it has been assumed that there
is no shear loading at infinity, i.e., �xy

� =0. Moreover, the following
identities have been used:

�
0

2�

cos�n��d� = 0, �
0

2�

sin�n��d� = 0 �n � 0� �29�

From Eq. �26�, it is clearly shown that the J-integral �J1� van-
ishes, which has no physical significance in the present problem,
whereas the M-integral does not vanish, in general, which is in-
dependent from the coordinate shifts, although the M-integral is
nowhere near as prevalent in the mechanics literature as the
J-integral. This is very important for the subsequent discussions
because these identities could enhance the convenience of mea-
suring the M-integral and pave a way for wide application of the
M-integral by establishing the relation between the M-integral and
the surface energy effect as investigated in detail in Sec. 4. Hereto,
the analytical expression of the M-integral has been given in Eq.
�27� with Eqs. �28� and �14� accounting for the surface energy
effect. Evaluating expression �27� for different kinds of nano-
inclusions subjected to different kinds of loading will facilitate
better understanding and will provide the main features of the
surface energy effect on the M-integral in nanoscale.

4 Influence of the Different Kinds of Inclusion on the
M-Integral in Nanoscale

In this section, the influence induced from each of the four
different kinds of nano-inclusion on the M-integral is discussed.
The different kinds of nano-inclusion, the different radiuses of
inclusion, the different surface parameters along the inclusion sur-
face, and the different kinds of loadings are considered and dis-
cussed in detail. Unlike the work of Li and Chen �46� who only
discussed in detail the influence of the surface parameters to the
M-integral for a nanohole under the simple uni-axial tensile load-
ing, this section deals with the four kinds of defect: void, soft
inclusion, hard inclusion, and rigid inclusion under three different
kinds of loading conditions: the uni-axial tensile loading, the bi-
axial tensile loadings, and the bi-axial tension-compression load-
ings, respectively. In the engineering practice such as the nano-
wire, nanofiber, etc., the investigation of nano-inclusion �hard or
nearly rigid� seems to be more useful. Moreover, in the previous
work �46� with respect to the deformation field induced from the
nano-inclusion or void, the model of Gurtin and Murdoch �8� was
simplified. This disposal might omit some important features
when applying the M-integral concept to describe the nanoscale
defect problems. Accordingly, the present stress and displacement
fields, which are derived directly from the complete model of
Gurtin and Murdoch without any simplification, will facilitate the
better understanding of the influence of each of the four kinds of
nano-inclusion on the M-integral.

In order to make detailed comparisons, in the following discus-
sions, three kinds of loading conditions are considered: �a� the
uni-axial tension loading, �yy

� = p; �b� the bi-axial tension loading,
�xx

� =�yy
� = p, and �c� a bi-axial tension-compression loading with

�yy
� = p and �xx

� =−p /2, respectively. Moreover, four different
kinds of nano-inclusion are individually discussed: �A� the soft
inclusion with �1=0.5�, 
1=
; �B� the rigid inclusion with �1

→�, 
1=
; �C� the void with �1=0, 
1=0; and �D� the hard
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nclusion with �1=3�, 
1=
, respectively. In addition, by fol-
owing the work �16�, two sets of surface parameters are em-
loyed: �i� �0=−5.4251 N /m, �0=3.4939 N /m, and �0
0.5689 N /m for Al �1 0 0� surface; �ii� �0=−0.3760 N /m, �0
6.8511 N /m, and �0=0.9108 N /m for Al�1,1,1� surface. Al-

hough the surface properties are generally anisotropic, it is as-
umed that the isotropic case is sufficient to illustrate the main
eatures of the size-dependent response as Tian and Rajapakse did
n Ref. �17�.

First, the influence of the four different kinds of inclusion on
he M-integral under the three different kinds of loading is con-
idered by setting the radius of the inclusions to be a constant, say,
nm. Here, throughout this paper, the matrix material is always

aken to be �=34.7 GPa and 
=0.331. For the four different
inds of inclusion with the radius R=5 nm, numerical results are
hown in Figs. 2�a�–2�c� and 3�a�–3�c�, corresponding to �i� those
f the first set of surface parameters and �ii� those of the second
et of surface parameters, respectively �17�. It should be men-
ioned that Fig. 2�a� or Fig. 3�a� corresponds to those under the
ni-axial tension loading, Fig. 2�b� or Fig. 3�b� corresponds to
hose under the uniform bi-axial tension loading with �xx

� =�yy
�

p, whereas Fig. 2�c� or Fig. 3�c� corresponds to those under the
i-axial tension-compression loading with �yy

� = p and �xx
� =−p /2.

It is found from Fig. 2�a� that the variable curves for the two
inds of inclusion: �B� the rigid inclusion with symbol ��� and
D� the hard inclusion with symbol ��� as mentioned above al-
ays yield negative values of the M-integral no matter how large

he uni-axial tension loading is. This is not a surprise because the
-integral represents the energy release due to the defect expan-

ion �36–40�, whereas the expansion of a rigid inclusion or a hard
nclusion always yields the negative energy release, i.e., the en-
rgy absorbing. In other words, the size effect of the rigid or hard
nclusion could only change the magnitude of the M-integral but
ould not change the negative feature of the M-integral, i.e., the
nergy absorbing due to the inclusion expansion. The larger the
ni-axial tension loading is, the larger the absolute value of the
egative M-integral is, as it would be in macro-/microscale. Nev-
rtheless, for the homogeneous case, i.e., the materials of inclu-
ion and the matrix are the same without interface, it is obvious
hat the M-integral should vanish. However, the other two cases:
A� the soft inclusion and �C� the void as mentioned above should
e studied in more details. Figure 2�a� reveals that the variable
urves for the soft inclusion with symbol ��� and the void with
ymbol ��� may yield either negative or positive values of the

-integral, depending on the uni-axial tension loading level. In
ther words, the expansion of a nanosoft inclusion or a nanovoid
ay either release the energy or absorb the energy, depending on

he loading level. This feature has not been found by Li and Chen
46�. For example, in Fig. 2�a�, when the tension loading is less
han about 70 MPa for the case �C�, i.e., a nanovoid of 5 nm, and
bout 90 MPa for the case �A�, i.e., the soft inclusion of 5 nm, the
alues of the M-integral are always negative �i.e., absorbing en-
rgy�, whereas when the tension loading increases over 70 MPa or
0 MPa for the two kinds of inclusion �A� or �C�, respectively, the
anovoid or the nanosoft inclusion will yield positive values of
he M-integral �i.e., release energy�. In the latter case, the larger
he uni-axial tension loading is, the larger the positive M-integral
s. Of great interest is that there is a special loading level called
he neutral loading point, at which the M-integral transformation
rom a negative value to a positive value occurs. However, the
ther two kinds of inclusion �B� and �D� show quite different
eatures from the cases �A� and �C� as seen in Fig. 2�a�, in which
he larger the uni-axial tension loading is, the larger of the abso-
ute values of the negative M-integral is without the neutral load-
ng point. Moreover, the slopes of the variable curves of the two
inds of inclusion �B� and �D� are quite different. It is seen from
ig. 2�a� that the rigid inclusion always yields larger influence on

he negative values of the M-integral than the hard inclusion. As

egards to Fig. 2�b� under the uniform bi-axial tension loading, it
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is seen that the variable tendencies of the four curves are similar
to those shown in Fig. 2�a�. The only differences are the values of
the neutral loading point for the cases �A� and �C�. In Fig. 2�b� the
neutral loading points are 115 MPa and 220 MPa corresponding to
the void and the soft inclusion, respectively, much larger than
those under the uni-axial tension loading. This means that the

Fig. 2 The influence of different kinds of inclusion on the
M-integral: „a… uni-axial tension loading, „b… bi-axial tension
loading, and „c… bi-axial tension-compression loading
uniform bi-axial tension loading yields much smaller influence of
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he M-integral, e.g., it increases the neutral loading point signifi-
antly but the variable tendencies are not changed as compared
ith those under the uni-axial loading. Of great interest is the
ariable tendencies shown in Fig. 2�c� for the bi-axial tension-
ompression loading with �yy

� = p and �xx
� =−p /2, where the values

ig. 3 The influence of different kinds of inclusion on the
-integral: „a… uni-axial tension loading, „b… bi-axial tension

oading, and „c… bi-axial tension-compression loading
f the neutral loading point for the void or the soft inclusion are

21019-6 / Vol. 77, MARCH 2010
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merely 24 MPa and 35 MPa, respectively, much smaller than
those under the uni-axial tension loading. That is, in the most
cases under consideration when p�24 MPa or p�35 MPa, the
values of the M-integral for the void or for the soft inclusion are
always positive. In other words, the expansion of the void or the
soft inclusion under this loading level always releases energy. This
demonstrates that the horizontal compression loading will yield a
significant influence on the M-integral for the void and the soft
inclusion. Moreover, it is seen from a detailed comparison among
Figs. 2�a�–2�c� that the horizontal compression loading signifi-
cantly increases the magnitude of the M-integral under p
=300 MPa. For example, under p=300 Mpa, the values of the
M-integral divided by R=5 nm are 0.032, 0.035, and 0.06 for the
void in Figs. 2�a�–2�c�, respectively, and the latter is much larger
than the two formers; whereas the values of the M-integral di-
vided by R=5 nm are �0.021, �0.019, and �0.038 for the rigid
inclusion in Figs. 2�a�–2�c�, respectively, and the magnitude of the
latter is much larger than the magnitudes of the two formers. This
again demonstrates that the horizontal compression loading yields
a significant influence on the M-integral for the different kinds of
nano-inclusion. In order to provide better understandings on the
abovementioned conclusions, more detailed comparisons are
needed for the second set of the surface parameters �ii�. The vari-
able tendencies of the M-integral against the loading level for the
second set of surface parameters �ii� �0=−0.3760 N /m, �0
=6.8511 N /m, and �0=0.9108 N /m �17� are plotted in Figs.
3�a�–3�c�. It is seen from Fig. 3�a� under the uni-axial tension
loading that the four curves are similar to those shown in Fig. 2�a�
for the first set of surface parameters �i�. The only differences are
the values of the neutral loading point, at which the M-integral
transforms from a negative value to a positive value. In Fig. 3�a�
the values are 120 MPa and 200 MPa for the soft inclusion and
the void, respectively, much larger than 70 MPa and 90 MPa in
Fig. 2�a�. Under the neutral loading point, the M-integral for the
soft inclusion or void is negative, representing the energy absorb-
ing, whereas over the neutral loading point, the larger the uni-
axial tension loading is, the larger the positive M-integral is, rep-
resenting the energy release. Of course, the values of the
M-integral in Fig. 3�a� for the rigid or hard inclusions are still
always negative as those shown in Fig. 2�a�, and the larger the
uni-axial tension loading is, the larger the absolute value of the
negative M-integral is. However, Fig. 3�b� shows a different fea-
ture from Fig. 2�b� where the M-integral for the soft inclusion is
always negative without the neutral loading point �or it might be
much larger than 300 MPa�, whereas the neutral loading point for
the void is 180 MPa, much larger than 115 MPa for the first set of
surface parameters �i�. Moreover, Fig. 3�c� shows the similar vari-
able tendencies to those shown in Fig. 2�c�, i.e., the neutral load-
ing point for the two curves for the soft inclusion with symbol ���
and the void with symbol ��� is rather small: 38 MPa and 59
MPa, respectively, much smaller than 120 MPa and 200 MPa
under the uni-axial tension loading. In other words, the change in
the surface parameters from the first set �i� to the second set �ii�
cannot influence the main variable tendencies of the M-integral
against the loading level for the four kinds of inclusion with a
fixed radius R=5 nm. It is also concluded from Fig. 3�c� that the
horizontal compression loading also yield a significant influence
on the M-integral, especially it significantly decreases the neutral
loading point. Thus, in the most cases �Fig. 3�c��, the soft inclu-
sion or the void nearly always yields the positive values of the
M-integral with R=5 nm, representing the energy release rather
than the energy absorbing.

Second, attention is focused on the influence of the radius for
the four different kinds of nano-inclusion under the three different
kinds of loading on the variable tendencies of the M-integral,
especially to show more features of the M-integral analysis in
nanoscale. Variable tendencies of the four different inclusions for
the first set of surface parameters �i� �0=−5.4251 N /m, �0

=3.4939 N /m, and �0=0.5689 N /m are shown in Figs.
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�a�–4�c� under the three kinds of loadings with p=100 MPa,
espectively, where the radius of the different nano-inclusions var-
es from 1 nm to 20 nm. Of course, special attention is focused on
he range of the radius between 1 nm and 5 nm, in which the size
ependence of the inclusion induced from the surface parameters
ay become significant. On the one hand, it is not a surprise from

ig. 4 The influence of inclusion radius on the M-integral: „a…
ni-axial tension loading, „b… bi-axial tension loading, and „c…
i-axial tension-compression loading
igs. 4�a�–4�c� that the hard inclusion with symbol ��� and the
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rigid inclusion with symbol ��� always yield negative values of
the M-integral no matter how the three different kinds of loading
are chosen, and whether the radius of the inclusion is large or
small. This is true because the expansion of the hard inclusion or
rigid inclusion always absorbs energy rather than releases energy.
It is seen from Figs. 4�a� and 4�b� that the influence of the radius
for the soft inclusion with symbol ��� and the void with symbol
��� on the M-integral is very small when the radius is larger than
10 nm but the influence becomes significant when the radius is
much less than 10 nm. That is, the M-integral divided by R2 �for
seeing more clearly� decreases significantly for the soft inclusion
and the void as the radius of the inclusion decreases from 10 nm
to 1 nm, especially in the range between 1 nm and 5 nm. On the
other hand, there is little influence of the radius for the rigid
inclusion on the M-integral even though the radius is very small,
e.g., within the range between 1 nm and 5 nm, whereas the influ-
ence of the radius for the hard inclusion on the M-integral is very
small except the cases when the radius is less than 2.5 nm. How-
ever, for the void, the uni-axial tension loading and the bi-axial
tension loading yield quite different features of the variable ten-
dencies of the M-integral within the range of the radius between 1
nm and 5 nm. It is seen from Fig. 4�a� that under the uni-axial
tension loading p=100 MPa the M-integral for the soft inclusion
or void within the range between 1 nm and 5 nm can be either
positive or negative; whereas in Fig. 4�b� under the bi-axial ten-
sion loading it is always negative for the void within the range
between 1 nm and 5 nm. Of great interest are the variable tenden-
cies of the M-integral under the bi-axial tension-compression
loading as shown in Fig. 4�c�. It is seen that the horizontal com-
pression loading yields significant influence on the variable ten-
dencies of the M-integral as compared with those under uni-axial
or bi-axial tension loading shown in Figs. 4�a� and 4�b�. That is,
unlike those shown in Figs. 4�a� and 4�b� where the four curves
corresponding to the four kinds of inclusion are always inter-
sected, the derivations among the four curves corresponding to the
soft inclusion, the rigid inclusion, the void, and the hard inclusion,
under the bi-axial tension-compression loading, are remarkable
without any intersecting as shown in Fig. 4�c�. This finding is
significant, which has not reported in the literature. Moreover, in
the most cases within the range between 1 nm and 5 nm in Fig.
4�c�, the M-integral for the soft inclusion or void is positive, rep-
resenting the energy release due to the expansion of the soft in-
clusion or void. Although the hard inclusion and the rigid inclu-
sion still yield negative values of the M-integral, which are less
influenced by the radius, in the most cases, the soft inclusion and
void always yield positive values of the M-integral under p
=100 MPa even though the radius is 1.2 nm. Particularly, the
derivations between the two curves corresponding to the soft in-
clusion and the void are of significance. For example, for R
=5 nm, the value of M /R2 for the void is 1.25 MPa, whereas the
value for the soft inclusion is merely 0.25 MPa, i.e., five times
smaller than the former; for R=2.5 nm, the value of M /R2 for the
void is 0.70 MPa, whereas the value for the soft inclusion is
merely 0.12 MPa, i.e., about six times smaller than the former. In
fact, the derivations between the two curves corresponding to the
hard inclusion and the rigid inclusion are also remarkable due to
the existence of the horizontal compression loading but this ob-
servation is worthless or not important.

Third, for comparison, numerical results for the second set of
surface parameters �ii� �0=−0.3760 N /m, �0=6.8511 N /m, and
�0=0.9108 N /m are plotted in Figs. 5�a�–5�c� under the three
kinds of loadings with p=30 MPa, respectively. Quite the con-
trary, it is seen that the variable tendencies of the M-integral
against the radius are significantly different from those for the first
set of surface parameter �i� as compared with those shown in Figs.
4�a�–4�c�. For example, in every case in Figs. 5�a� and 5�b�, the
value of the M-integral is always negative no matter how large the
radius is chosen and whatever which kind of inclusion it is. It is

also seen from Fig. 5�c� that, unlike those in Fig. 4�c�, there are
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everal intersecting points for the four curves under the bi-axial
ension-compression loading. It is concluded that the second
et �ii� with �0=−0.3760 N /m, �0=6.8511 N /m, and �0

ig. 5 The influence of inclusion radius on the M integral: „a…
ni-axial tension loading, „b… bi-axial tension loading, and „c…
i-axial tension-compression loading
0.9108 N /m yields quite different influences on the variable

21019-8 / Vol. 77, MARCH 2010
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tendencies of the M-integral against the inclusion radius from
those induced from the first set �i� with �0=−5.4251 N /m, �0
=3.4939 N /m, and �0=0.5689 N /m.

Finally, it is noticed that there are two questions for the
M-integral analysis in nanodefect mechanics remaining to be
clarified, which are not found in macro-/microscale. The first is
why or how the M-integral could be negative for the soft inclusion
or void representing the energy absorbing? The second is that
which parameter among the three surface parameters �0, �0, and
�0 is the dominant one, yielding the main influence on the
M-integral when the radius of inclusion is in nanoscale?

These two questions will be clarified in the sequel.

5 Conclusions and Remarks
From the analyses and discussions performed above, the fol-

lowing conclusions and remarks could be summarized.

�1� Unlike in macro-/microscale, the M-integral for a nanohole
or a nanosoft inclusion could be either positive or negative
depending on the remote tensile loading level. Moreover,
there is a neutral loading point, at which a transformation
from a negative value to a positive value of the M-integral
occurs.

�2� It is found that due to the existence of the surface tension
and the surface elasticity, the expansion of the nanohole or
nanosoft inclusion under a relatively lower tensile loading
absorbs the energy rather than releases the energy.

�3� It is concluded that for a nanovoid or soft inclusion under
bi-axial loading, the horizontal tensile loading increases the
neutral loading point, whereas the horizontal compression
loading decreases the neutral loading point.

�4� In nanoscale from 1 nm to 20 nm the surface tension and
surface elasticity �i.e., the three parameters� for a hard in-
clusion �or rigid inclusion� have little influence on the
M-integral, and the values of the M-integral are always
negative as they would be in macro-/microscale. Thus,
from the energy release/absorbing view point, the influence
of the surface tension and surface elasticity for the hard
inclusion or rigid inclusion could be neglected.

�5� Detailed comparisons between the numerical results for the
first set of parameters �i� �0=−5.4251 N /m, �0
=3.4939 N /m, and �0=0.5689 N /m and those for the
second set of parameters �ii� �0=−0.3760 N /m, �0
=6.8511 N /m, and �0=0.9108 N /m �17� reveal that the
second set �ii� leads to a much larger influence on the
M-integral than the first set �i�. In other words, for a nano-
hole or a nanosoft inclusion the second set �ii� yields much
larger energy absorbing �when the M-integral is negative�
or energy release �when the M-integral is positive�.
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